is an open neighborhood N and a holomorphic function f : N -» C which is a homeomorphism of N onto a domain in C; such a f is called a local parameter defined in N.
(ii) A function ƒ: D -* C defined in a domain Z> c S is holomorphic if and only if for every local parameter defined in N c D, the function ƒ ° f -1 is holomorphic (in the ordinary sense) in Ç(N) c C. It follows that S is a surface (locally homeomorphic to R 2 ), orientable and, which is not quite obvious, triangulatie.
(B) The simplest examples of Riemann surfaces are the complex z-plane C (z is a local parameter defined everywhere), the Riemann sphere C -C u {00} (z is^a local parameter in C, f = 1/z, with f = 0 at 00, is a local parameter in C -{0}) and every domain D c C, in particular, the upper half-plane U = {z|Imz > 0}. More generally, every subdomain of a Riemann surface is a Riemann surface.
A bijective homeomorphism h between two Riemann surfaces S x and S 2 is called conformai if ƒ and f~x take (germs of) holomorphic functions into (germs of) holomorphic functions. Conformai Riemann surfaces are identical qua Riemann surfaces. Note that on a Riemann surface one can measure angles (use any local parameter). Conformai maps are angle and orientation preserving homeomorphisms.
Nonconstant globally defined holomorphic functions exist on any noncompact Riemann surface. On every Riemann surface, compact or not, there exist globally defined nonconstant meromorphic functions, i.e. functions which are holomorphic except for isolated poles. (The proofs always involve some variant of the Dirichlet principle.)
The ring of holomorphic functions on a noncompact Riemann surface 5, and the field of meromorphic functions on any Riemann surface S, each determine S uniquely, up to a conformai mapping and a_ reflection^ (A reflection takes a Riemann surface S into its mirror image S; S and S are identical surfaces but the local parameters on S are the conjugates of the local parameters on S.) (C) In a certain sense the theory of Riemann surfaces goes back to Gauss who proved in 1822 that a sufficiently small piece on a sufficiently smooth oriented surface 2 in Euclidean space can be mapped conformally, i.e. preserving angles and orientation, onto a plane domain. Therefore any such 2 can be made into a Riemann surface by declaring a nonconstant continuous complex-valued function g: A -> C, defined on a domain A c 2, to be holomorphic if it is locally, except at isolated points, a conformai mapping.
Indeed, the embedding 2 c -»R iV is irrelevant; all that matters is the existence of a positive definite Riemannian metric The real-valued functions w, t> are called isothermal parameters.
Gauss proved the existence of isothermal parameters w, v under the hypothesis that E, F, G are real analytic functions of the local coordinates (*, y). Later this condition has been considerably weakened; finally Morrey (1938) showed that it is enough to assume that E, F, G are measurable and the ratio E + G y EG -F 1 is bounded. It is not difficult to verify that every Riemann surface can be defined by putting a properly chosen Riemannian metric onto an orientable sufficiently smooth surface. It is surprising that one may require that this metric be complete (every geodesic can be continued arbitrarily far) and have constant Gaussian curvature +1, 0, or -1; then the metric is determined uniquely (except for an arbitrary constant factor in the case of zero curvature). Except in a few cases the canonical curvature is -1. Let us recall how one finds this canonical metric. If S is any Riemann surface, then the general theory of covering spaces (created just for this purpose) shows that S may be identified with S/G where S is the universal covering space of 5, and G the covering group. Now S is simply connected and can be made into a Riemann surface by lifting local parameters from S to S. Then S becomes one of the three surfaces (0.1) and G becomes a discrete and fixed point free group of conformai self-mappings of S, hence a discrete group of Möbius transformations (0.2) z H> --, ad -be = 1 cz + a of S onto itself.
One sees easily that if S = C, G can contain only the identity so that S = C. If S = C, then G can contain only Euclidean translations. One verifies that in that case either G = 1 (the trivial group), or G is generated by one translation (say by z H> Z + 1) or by two (say by z i-> z + 1 and z »-» z + T, Im T > 0). In the first case S is conformai to C, in the second to C -{0}, and in the third S is homeomorphic to a torus.
In all other cases S = U and G is a discrete group of Möbius transformations (0.2) subject to the condition that a, b, c, d are real. Such groups have been named Fuchsian by Poincaré. Now C carries a complete metric of Gaussian curvature 1 obtained by mapping C stereographically onto the sphere x 2 + x\ + x\ = 1, and C has the canonical complete metric \dz\ = ydx 2 + dy 2 of curvature 0. This metric is inherited by the infinite cylinder (C identified under the group z h-> z + n, n G Z) and the torus (C identified under z H> « + mr; «, m G Z, lm r > 0). Finally, (7 has a complete metric of curvature (-1), the Poincaré metric \dz\y~l which makes it into a model of the non-Euclidean plane, and every Riemann surface distinct from a sphere, a sphere with one or two punctures and a torus is of the form S -U/G, G a fixed point free Fuchsian group, and carries a Poincaré metric inherited from U, (E) If G is any Fuchsian group, which need not be torsion free, i.e. may have fixed points in U, then S = U/G is again, in a natural way, a Riemann surface. The (globally defined) holomorphic and meromorphic functions on S can be identified with holomorphic and meromorphic functions on U which are invariant (automorphic) with respect to G. Similarly, for every integer q the holomorphic and meromorphic q-differentials on S can be identified with holomorphic and meromorphic functions <p on U with y(z) dz q G-invariant, i.e. satisfying <p(g(z))g\z) q = <p(z), gOEG (automorphic forms). (A special convention is needed at elliptic and parabolic fixed points.) (F) Fuchsian groups are special cases of Kleinian groups (this name is also due to Poincaré). A Kleinian group G is a discrete group of not necessarily real Möbius transformations (0.2) with the following property: the limit set A of G, defined as the set of accumulation points of trajectories { g(z), g G G } is not all of C. If so, the open dense set 12 = C -A is called the region of discontinuity of G and every component of Q is called a component of G. The group acts properly discontinuously on 12 and the quotient 12/G is, in a natural way, a disjoint union of Riemann surfaces.
While the theory of Kleinian groups goes back to Klein, Poincaré and Koebe (and even earlier, to Schottky) a flowering of this theory occurred during the past fifteen years. A landmark in this development was Ahlfors' finiteness theorem: if a Kleinian group G is finitely generated, the quotient 12/G has finitely many components, each component is a compact Riemann surface or obtained from one by removing finitely many points, and the natural projection 12 -» 12/G is ramified over at most finitely many points.
(G) A compact Riemann surface S is, topologically, a sphere with p > 0 handles, the number p is called the genus of S. The holomorphic function on S are, of course, constants (by the maximum principle). The meromorphic functions form a field of algebraic functions of one variable (over Q. This means that any two meromorphic functions, z and w, on S are connected by an irreducible polynomial equation with complex coefficients n m (0.3) P{z, w) = 2 2 «V*W" = 0, and that, if these two functions are chosen suitably, any third is a rational function of the two. In the latter case one says that S is the Riemann surface of the plane algebraic curve (0.3). This does not mean, of course, that S is isomorphic to the set of points (z, w) in C 2 satisfying (0.2) or even to the set of points (t l9 t 2 , t 3 ) in the complex projective plane P 2 satisfying the corresponding homogeneous equation n m (0.3') 2 2 ^W + ""'"' = 0.
*>= 1 jLt= 1
Indeed, the curve (0.3) will in general have singularities. However, every compact Riemann surface is isomorphic to a nonsingular algebraic curve in complex projective 3-space.
(H) The theory of compact Riemann surfaces and the (more general) theory of algebraic curves over C are very well developed and exceedingly rich. Closely connected with compact Riemann surfaces are those with finitely generated fundamental groups. Such a surface S is obtained from a compact surface S, of some genus p by removing r > 0 disjoint continua. If n of those are points and m = r -n are nondegenerate continua, we say that S has type
A Riemann surface S of type (p, n, m\ with m > 0, is said to have m ideal boundary curves. Such an S can be always doubled, i.e., represented as a subdomain of a surface S d , of type ÇLp + m -1, 2/2, 0), which admits an anticonformal (angle preserving and orientation reversing) involution y which leaves precisely m disjoint Jordan curves Q, . . ., C m fixed and such that (I) The uniformization theorem implies that every compact Riemann surface of genus 0 is conformai to a sphere (i.e. to Ç). The conformai type of a compact surface of genus 1 depends on one complex parameter r e U. Already Riemann computed that the conformai type of a compact Riemann surface of genus p > 1 depends on 3p -3 complex parameters (moduli) and this implies that the number of complex parameters for the conformai type of a surface of type (/?, n) is 3p -3 + n, provided that number is not negative. Similarly, the conformai type of a surface of type (/?, n, m) with m > 0 depends on 6p -6 + 2n + 3m real parameters, provided this number is not negative.
The main aim of Teichmüller theory is to make the dependence of a Riemann surface (of finite type) on the complex or real moduli as explicit and as transparent as possible. (The theory for type (p, n, m) with m > 0 can be reduced, at least in principle, to that of type (p 9 n) by using doubling.) (J) One of Teichmüller's great contributions was to recognize that the problem becomes more accessible if one considers not only conformai mappings between Riemann surfaces, but also quasiconformal mappings.
Let S and S be two homeomorphic Riemann surfaces and^ ƒ: S -» S an orientation preserving diffeomorphism. If P is a point on S, P = f(P) E S, z = x + iy a local parameter on S defined near P and z = JC + iy one on S defined near P, then the map f = /*(z) defined by/i = fo/°z~1|iV r (iVa sufficiently small neighborhood of P) is called a /ÖCÖ/ représenter of ƒ at P.
The 
*(*•*)•
Geometrically this means that ƒ takes every infinitesimal circle into an infinitesimal ellipse whose major axis is at most K times the minor axis. The smallest K for which ƒ is AT-quasiconformal is called the dilatation of ƒ and is denoted by
The dilatation, or better, its logarithm, measures the deviation of ƒ from conformality and thus gives an upper bound for the difference between the conformai structures of S and 5.
For technical reasons it is convenient not to insist that the orientation preserving homeomorphism ƒ : S -» S be a diffeomorphism but only that the partial derivatives dx/dx 9 dy/dx, dx/dy, dy/dy taken in the sense of distribution theory be locally square integrable measurable functions satisfying (0.4') almost everywhere.
1. Introduction. (A) Volume 1 of Acta Mathematica appeared in 1882; it begins with Poincaré's paper on Fuchsian groups, the first of a series of memoirs which contain his work on discontinuous groups, automorphic functions and uniformization. Already on p. 6 Poincaré defines the Poincaré line element (i.i) <* = M y in the upper half-plane U = {z = x + iy\y > 0} and explains, somewhat reluctantly, its geometric meaning: "Je ne puis passer sous silence le lien qui rattache les notions précédentes a la géométrie noneuclidienne de Lobatschewsky . . . Cette terminologie m'a rendie de grands services de mes recherches, mais je ne l'employerai pas ici pour éviter toute confusion."
The memoir in question is concerned with constructing Fuchsian groups, i.e., discrete groups of plane non-Euclidean motions or, in the Poincaré half-plane model, discrete group of real Möbius transformations, i.e. discrete subgroups of PSL(2, R). One such group, the elliptic modular group PSL(2, Z) was already well known at that time. For reasons which will become apparent later we shall denote this group by Modj j.
(B) Now every point r G U defines a lattice £ = {w = n + mr|n, m G Z) and a punctured torus (C -£)/£ where we regard £ as a subset and as an additive subgroup of C. This torus is marked, i.e. it comes with a distinguished sequence of generators of the fundamental group, defined by the segments going from z = 0 to z -1 and to z = T, respectively. Thus U may be thought of as the space T x x of isomorphism classes of marked Riemann surfaces of genus 1 with 1 puncture. Two distinct points T X and T 2 of U represent conformally equivalent but differently marked Riemann surfaces if and only if T 2 = g(r x ) for some g G PSL(2 9 Z).
Therefore X xx = T xx /Mod xx is the space of conformai equivalence classes (moduli) of once punctured Riemann surfaces of genus 1. Of course, X x j is C, the canonical mapping T x x ->X X x being ramified over the points corresponding to r = i and r = (1 + V-3 )/2. The moduli space T x x can be compactified by adding to it the point T = oo representing a thrice punctured sphere (obtained by 'degenerating' a punctured torus).
The part of Teichmüller space theory and an addition to this theory, on which we report here, deal with extending the statements made above to Riemann surfaces of genus p with n punctures, cf. [5, 14, 26, 30, 35, 66] .
(C) We remark that the Teichmüller space T is one of three distinct but related generalizations of the Poincaré half-plane connected with the theory of Riemann surfaces. The other two are the Poincaré model of the nonEuclidean 3-space:
with the Poincaré metric
and the generalized Siegel upper half-plane H p consisting of complex symmetric p X p matrices Z = X + iY with positive definite imaginary parts, with the Siegel metric
(D) We assume acquaintance with the standard theory of Riemann surfaces, including uniformization theory and with the definition and basic properties of quasiconformal mappings in two dimensions, cf. [13, 15, 66, 81] . We also assume the elementary properties of Kleinian groups [55] .
In particular, we shall use without comment the theorem that a Riemann surface S, distinct from a sphere with 0, 1 or 2 punctures and from a torus, can be represented as U/G where G is a torsion-free Fuchsian group determined by S up to a conjugacy in PSL(2, R), and of the equivalent theorem that S carries a uniquely determined Poincaré metric, i.e. a complete Riemannian metric of constant Gaussian curvature (-1), which respects the conformai structure of S. The latter condition means that near every point of S the metric can be written as ds = X(z)\dz\, z being a local parameter. 
Teichmüller spaces and modular groups.
(A) Let p and n be nonnegative integers with 2p -2 + n > 0. In order to define T pn precisely, we choose a topological oriented surface 2 = 2 p n obtained by removing n distinct points from a compact surface 2 of genus p (with 2 = 2 if n = 0) and call two orientation-preserving homeomorphisms of Riemann surfaces onto 2 ƒ: S ^2 and /':S"->2
where <p is an isomorphism (conformai mapping onto) and \p a homeomorphism homotopic to the identity. 
! (2), where K(P, f) is the ratio of the major axis to the minor axis of the infinitesimal ellipse into which ƒ maps an infinitesimal circle centered at P. For a general quasiconformal map the definition is the same, except that K(P; ƒ) is defined only almost everywhere.
The TeichmüUer space T p n is a complete metric space, and the modular group Modp n is a group of isometries (with respect to the TeichmüUer metric).
(E) The space T x x with the TeichmüUer metric is isometric to U with the Poincaré metric; under this isometry Mod^ x is the elliptic modular group.
The space T 0 3 is, of course, a point.
(F) Now let 2p n m be a topological oriented surface obtained from a closed surface 2 of genus p by removing n + m distinct points which we divide into two sets consisting of n and m > 0 points, respectively. We assume that 6/7 -6 + In + 3m > 0.
The reduced TeichmüUer space T p * nm consists of equivalence classes [ƒ: S -» S] of orientation-preserving homeomorphisms of Riemann surface of type (p, n, m) 9 i.e., of genus/?, with n punctures and m ideal boundary curves, onto 2. It is required that ƒ take the punctures of S into the first set of punctures of 2.
The space T* nm is again a complete metric space (under the TeichmüUer metric) and is homeomorpic to R 6^-
6+2/i+3m
The definition of the (reduced) modular group Mod^, w is obvious. It is again a group of isometries and it acts properly discontinuously. (E) Kravetz [78] showed that through any two distinct points of T p n there is a unique Teichmüller line, i.e. an isometric image of R, and that three distinct points in T pn are collinear if and only if they can be denoted by r x , r 2 , T 3 in such a way that <Ti, T 2 > + <r 2 , r 3 ) = <T 1? T 3 >.
At one time it was believed that the Teichmüller metric (which is not a Riemannian metric but can be derived from a Finsler metric (O'Byrne [97] )) has negative curvature in the following sense: if r 0 , r l9 r\ 9 r 2 and r 2 are points in Teichmüller space such that
However, Masur [89] showed that this is not so if dim T p n > 2. Nevertheless, there are certain similarities between T p n and spaces of negative curvature.
(F) The extremal problem considered in (A) can be generalized as follows. Let f 0 : S x -» 5 2 be a given quasiconformal map between two Riemann surfaces, and if S x and S 2 have ideal boundary curves, let a be a closed set on the union of the ideal boundary curves of S v Consider all quasiconformal maps in the homotopy class of f 0 modulo a, and find in it an extremal, i.e. one with the smallest possible dilatation.
(We recall that the quasiconformal map f 0 is defined, by continuity, also on the ideal boundary curves of S v Another quasiconformal map/is homotopic to f 0 modulo o if / 0 _1 ° f\o = id and / 0 _1 ° ƒ can be continuously deformed into the identity keeping every point of a fixed.)
We assume, in order to exclude trivial cases, that the only conformai map h: S x -^> S Y with h\o = id is the identity.
The existence of an extremal map follows again from compactness properties of quasiconformal maps.
A Teichmüller map ƒ: S x -> S 2 is defined as in (B), except that we now require that q x (and q 2 ) be continuous and real at all point of the ideal boundary curves of S x (of S 2 ) except at the points belonging to a (to f 0 (o)).
If the fundamental group of S x is finitely generated and o is finite, Teichmüller's theorem (statements (a) and (/?) in (D)) is valid.
This can be proved, for instance, by doubling. It is natural to ask whether this compactification is essentially independent of the choice of the origin [S 0 -> 2], and whether the action of Mod^ n on T p n extends continuously to the Teichmüller boundary. According to Kerckhoff [71] the answer to both questions is no.
(C) A compactification of T p n , which does not depend on the choice of an origin is due to Thurston ([117] , cf. the presentation in [54] ).
Let T = [ƒ: S -> 2] be a point in T p n , C a Jordan curve on 2 nomotopic neither to a point nor a puncture of S and / T (C) the length of the unique Poincaré geodesic on S freely nomotopic to f~x{C). It is known that the knowledge of all numbers / T (C) determines T; as a matter of fact, it suffices to know these numbers for a properly chosen finite sequence C\,. . ., C N . Also, since there are nonhomogeneous relations between the various numbers / T (C), it is enough to know these numbers up to a common positive factor.
Thus there is a bijection between T p n and a subset M of an infinitely dimensional (or, if one prefers, a finite dimensional) real projective space. This bijection is a homeomorphism and Thurston proves, in a highly imaginative way, that the ^closure M of M is homeomorphic to a ball, while the Thurston boundary M -M is homeomorphic to a sphere, both of the "right" dimension.
For reasons which will become apparent later the Teichmüller and Thurston boundaries are called real boundaries.
The action of Mod^ " extends continuously to the Thurston boundary (because it amounts to a permutation of the Jordan curves C on 2). This follows from the fact, proved by Hubbard and Masur [68] , and later by Kerckhoff [71] , that every measured foliation on a Riemann surface is equivalent to one defined by a quadratic differential q, the leaves being the horizontal trajectories q > 0, and the transverse measure being derived from the metric ds = |#| 1/2 .
(E) The Teichmuller theorem stated in §2, (F) leads to a representation of T p * nm as a ball in R6/>-6+2«+3m ĵ argument is the same as in (A).
Classification of modular transformations. (A) Thurston [117], cf.
[54], used his compactification of Teichmuller space to classify orientation preserving homeomorphisms co of a surface 2 onto itself up to homotopy (or, which is the same, up to isotopy) and discovered that in the general case co is isotopic to a mapping of a very special form. He himself indicated that these results could be obtained from those obtained by Nielsen many years ago; this was made explicit by J. Gilman 
In all cases y is elliptic if and only if it is of finite order, and y is hyperbolic if and only if it leaves a Teichmuller line fixed.
(C) Every y G Modp n is of the form y = co^ where co is a topological orientation preserving self-mapping of 2 (which may be chosen as a diffeomorphism if 2 is given a differentiable structure) and the metric properties of co* reflect the topological properties of co. Thus to* is elliptic if and only if co is homotopic to a periodic mapping.
A self-mapping co: 2-» 2 is called reduced by a finite nonempty set Cj, . . . , C k of Jordan curves on 2 such that the Ç, are disjoint, no Ç, is freely homotopic to a curve C,, / ^j, and no Cj can be continuously deformed into a point or puncture of 2, if
It turns out that y = co* is hyperbolic if and only if co is not nomotopic to a periodic map and irreducible (not homotopic to a reduced map).
(D) A reducible map co is always homotopic to a co 0 which is reduced by curves C x , . . ., C k and has the following property. For every component II of 2 -(Q U • • • U C k ) set co n = co 0 |II and let r n denote the smallest positive integer such that co^II) = II. Then g n = <o^n is irreducible. It turns out that if co is reducible and not homotopic to a periodic map then y = co % is parabolic or pseudohyperbolic according to whether all or not all maps g n are homotopic to periodic maps or the identity.
(E) If y = co* is hyperbolic then, by definition, there are points r = [ƒ: S -» 2] of T p n with the following property: the self-map ƒ _1 ° co <> ƒ of S is homotopic to a TeichmüUer map g which is absolutely extremal, i.e. its dilatation cannot be decreased by changing g within its homotopy class and by changing the conformai structure of S.
It can be shown that a TeichmüUer map g: S -> S is absolutely extremal if and only if its initial differential q is also its terminal differential.
If so, g is what Thurston calls a pseudo-Anosov diffeomorphism: there are two transversal measured foliations, the horizontal trajectories of q and ( -#), respectively, such that g maps them onto themselves while multiplying the distance between the leaves by e 2 " and e" 2 ", respectively; here a is the number defined by (5.2).
Thus a self-mapping co: 2 -» 2 which is not homotopic to a periodic map is either homotopic to a pseudo-Anosov map or reducible, but not both, as has been first proved by Thurston. Note that there are certain functions on T p which must be holomorphic under a "natural" definition of the complex structure in T p .
Choose a "canonical" integral homology basis a x , . . ., Op, /5 l9 . . ., (i p on 2, so that a, X fa = -(A X a,) = 1, i = 1, .. . depends on r only and is an element of the generalized Siegel upper half-plane H p (see § 1, (C)). It is natural to require that the map T p 0^Hp just defined be holomorphic. This requirement leads to a complex manifold structure on T 2 and on the part T p ' of T p9 p > 2, corresponding to nonhyperelliptic surfaces; one can use as complex coordinates, near every point of T 2 or T p9 an appropriately chosen set of 3/7 -3 entries of the period matrix II, as was observed by Rauch [100, 101] . The most delicate part of Ahlfors' argument consists in showing that the complex structure does not become singular on the set T p -T p .
(B) Actually there are in T pn natural global complex coordinates: T p n , with its complex structure, can be realized as a bounded domain in complex number space [19] .
Indeed, this realization is, to a certain extent, canonical; if we choose a point r 0 = [f 0 : S 0 -» 2] as the "origin" in T pn , then T p n can be represented canonically as a_bounded domain in the (3p -3 + «)-dimensional complex vector space Q(S 0 ) °f integrable quadratic differentials on the mirror image S^ of S 0 . This is accomplished as follows. One computes that for every g E G 0 the map vt^ ° g is again //.-conformai, hence of the form g M ° w^ with a holomorphic g M , and since g^ maps £/ onto itself it is a real Möbius transformation. Thus G^ = ^G 0 w M _1 is again a torsion-free Fuchsian group, and one can show that there exists a commutative diagram
where the vertical arrows represent canonical projection. 
Thus <p" G B 2 (L, G)
.
is continuous (this follows from the fact that w\z) depends holomorphically on ju, G L^JC)). It is also injective. Indeed knowing y* 1 one can find w^\L as a quotient of two linearly independent solutions of the ordinary differential equation 2TJ" = -<pV Knowing H> M |L one can find h^ as the conformai map of the Jordan domain complementary to w\L) onto U which keeps 0, 1, oo fixed, and knowing h one obtains from (6.3) the function H>JR which determines the isomorphism G 0 -» G^ and T.
(F) We conclude that the mapping r H> y* is a homeomorphism of T p n onto a domain in B 2 (L, G 0 )oeC 3p~3+n , a bounded domain, by (6.10). We shall often identify T n with its image.
One can either use this identification to define the complex structure in T n (then one must check that this structure does not depend on the choice of T 0 ) or, if this structure is already defined, one can verify that the map r i-> <p M is holomorphic.
(G) REMARK. It is easy to see that T 0 4 is isomorphic to T xx , T 0 5 to T x2 and r 06 to T 2 0 . D. Patterson [98] showed that there are no other isomorphisms.
(H) The modular group Moo^, n acts on T p n as a group of holomorphic self-mapping. Since it also acts properly discontinuously, the moduli space The Teichmüller distance between two points P and Q in T p n can be defined, without any reference to quasiconformal mappings, by the formula can be defined in every complex manifold; the general definition is more complicated than (7.1).) (B) We mention at this occasion that given two distinct points P and Q in T pn there is a holomorphic isometry F: U ^>T p n (an isometry with respect to the Poincaré metric in U and the TeichmüUer metric is T p n ) such that F(U) contains P and Q and hence also the TeichmüUer line through these points. This was known already to TeichmüUer.
Also, for every fixed P e T p ", the distance <P, Q} is a differentiable function of Q ^ P (Earle [46] ). (B) Such a group always represents two Riemann surfaces, the quotients of the two Jordan domains by the group, and if the group is finitely generated, the two are homeomorphic. If the group is torsion free, it can be identified with the fundamental groups of both surfaces and hence (by Nielsen's theorem) the group determines a homotopy class of orientation-reversing homeomorphisms between the two surfaces.
In the case of the group G T defined by (8.1) the two surfaces are the mirror image S 0 of S 0 = / 0 -1 (2) and S = ƒ ~1(2), and the homotopy class is that of the mapping The proof of the existence part of the theorem is essentially the construction of the group G T above. Briefly speaking, the desired group is obtained as a quasiconformal deformation of a Fuchsian group G 0 , i.e., by conjugating G 0 by a fi-conformal automorphism of C, /x being chosen appropriately but so as to satisfy (6.5). The uniqueness proof is rather straightforward but relies on delicate properties of quasiconformal mappings. Also, Poincaré stated without proof that if one changes a little the generators of a Fuchsian group, preserving their types and all relations between them, but permitting the generators to become complex, one obtains a quasi-Fuchsian group.
The simultaneous uniformization theorem, however, was found only when the theory of quasiconformal mappings was sufficiently developed. As a matter of fact, no proof of the theorem not relying on quasiconformal mappings is known.
(E) The fixed curve of a quasi-Fuchsian group of the type considered here has many interesting properties. It admits a parametric representation by Holder continuous functions and has measure zero. But it is not rectifiable, Bowen [37] . Indeed, Bowen proved that its Hausdorff dimension is strictly between 1 and 2.
(F) An important theorem by Maskit [37] states that any finitely generated
Kleinian group whose region of discontinuity has precisely two components is either quasi-Fuchsian and a quasiconformal deformation of a Fuchsian group, or a Z 2 extension of a quasi-Fuchsian group.
For a simplified proof, see Kra and Maskit [76] .
(G) The set of conjugacy classes of quasi-Fuchsian groups representing two Riemann surfaces of type (p, n) is easily seen to be a (6p -6 + 2«)-dimensional complex manifold. By the results of §6 it is isomorphic to Tp, n x T Pf ".
Fiber spaces over Teichmuller spaces. (A) We return to the embedding T pn c B 2 (L 9 G 0 ) of §6 and note that to every T 6 ^ there belongs a Jordan domain

D r = w\U)
bounded by the Jordan curve consisting of z = oo and the arc f = w tl (x), -oo < x < -hoo. For every fixed x E R, f depends holomorphically on / A E L^C); it is not changed if JU, is replaced by, say, /x' as long as JU/ defines the same T. We express this by saying that the Jordan domain D T depends holomorphically on r. Except for some special and rather obvious cases the universal Teichmuller curve admits no holomorphic sections. This has been first shown by Hubbard [67] , for n = 0, and then by Earle and Kra [50, 51] for the general case. The proofs use essentially Royden's theorem.
(B) The fiber space F pn over T pn is the set of pairs (T,Z) withr E T Pf ",z tED T .
It is a (3p -2 + «)-dimensional domain of holomorphy and is canonically isomorphic to T pn+V the projection
(G) One can define [27] an extended modular group mod^ " of holomorphic self-mappings of F pn which acts properly discontinuously and contains G 0 as a normal subgroup with Mod^ n = mod p n /G 0 . The quotient is a normal complex space fibered over the moduli space X pn , the fiber over a point x G X p n being S/Aut(S) where S is a Riemann surface (unmarked) of type (p,n) represented by x and Aut(S') the finite group of conformai self-mappings of S. (This statement must be slightly modified if (/?, n) = (1,1) (1,2) or (2,0).)
The isomorphism theorem in (B) implies that X p n + x is a ramified (n + 1)-sheeted covering space of Y pn .
(H) Earle [4] constructed a fiber space over T p 0 whose fibers are Jacobian varieties of genus/?. We refer to his paper for details. Any other component A of G * is simply connected, not invariant (i.e., there is a g E G* with g(A) =^ A), and the stabilizer G% of A in G * always contains an accidental parabolic element, i.e., a parabolic element Xp(g) with g E G 0 hyperbolic. Also, A/ G£ is a Riemann surface of some type (p, «).
(D) It is not difficult to verify that points cp E B 2 (L, G 0 ), with Xcpis) parabolic for some hyperbolic g E G 0 , He on countably many holomorphic hypersurfaces in B 2 (L, G 0 ). The union of these hypersurfaces has real codimension 2, while dT has real codimension 1. Hence W^L) is the only component of G v for all cp E 37], ", except for a subset of positive real codimension.
(E) Now let <p E 37^, n belong to this small set. Then there is a finite nonempty set of noninvariant components A 1? . . ., A^ of G* such that g(A y ) 7^= Afc for y ^ A: and g G G*, and every component of G*, distinct from the invariant component An, is of the form g(A y ) for some g E G 9 and some y', 1 < j < JV. If £2 denotes the region of discontinuity of which is isomorphic to the product T pilti X 7^ X • • • X 7^.
(G) A boundary point <p E dT p n is called partially degenerate iî M > N > 0, and so in the group G*. The group represents, besides S 0 , some but not all surfaces obtained by squeezing r > 0 disjoint geodesic Jordan curves on S 0 into punctures. It is worth noting that no thrice punctured sphere may be "thrown away". Abikoff showed that all combinatorially possible types of partially degenerate groups G* occur as boundary points of the boundary Teichmuller spaces A described above.
(H) A point <p G dT p n and the group G* are called totally degenerate if G* has only the component W^L) and thus represent only S 0 . We already noted that a boundary group G* without accidental parabolic elements must be totally degenerate. However, there are also totally degenerate groups with accidental parabolic elements.
^-groups.
(A) A finitely generated Kleinian group G is called a b-group if it has precisely one invariant component AQ, and Ao is simply connected. Groups G*, <p e T pn , are ^-groups and the name "6-group" was chosen in the hope that each such group appears on the boundary of some Teichmuller space. If G contains elliptic elements, the Teichmuller space in question must be a Teichmuller space of a Fuchsian group with torsion (see §19). Torsion requires no essentially new ideas and we will consider here only torsion-free 6-groups. (D) A remarkable property of degenerate groups has been discovered by L. Greenberg. It refers to the interpretation of Kleinian groups as discrete groups of non-Euclidean motions in space. This interpretation, due to Poincaré plays an increasingly important part in recent work on Kleinian groups. In the hands of Thurston it became an amazingly powerful tool for investigating discrete groups and hyperbolic structures on 3-manifolds.
Call a quaternion x + yi + tj + sk special if t > 0, s = 0, and write a special quaternion as Z = z + tj, z = x + iy G C. The Poincaré half-space H 3 is the set of special quaternions (see §1, (C)); with the metric (1.2) it becomes a model of non-Euclidean space. Every Möbius transformation
where a, b, c, d E C and ad -be = 1, gives rise to an isometry of H 3 which we denote by the same letter
Zh*g(Z) = (aZ + b)(cZ + d)'\
and every orientation-preserving isometry of H 3 can be so written. (Similarly, every conformai self-mapping of H n can be interpreted as an orientation-preserving isometry of H n+1 , but the elegant formula involving quaternions is restricted to n = 2.) (E) It is classical that every discrete finitely generated group of nonEuclidean motions in the plane, i.e., every finitely generated Fuchsian group, has a fundamental domain which is a non-Euclidean polygon with finitely many sides. Greenberg [61] showed that this is not so in space. A degenerate Kleinian group, viewed as a group of motions in H 3 , does not have a finitelymany-sided fundamental polyhedron. It is as one says, geometrically infinite. So also is every partially degenerate boundary group.
(F) The difference between geometrically finite and geometrically infinite Kleinian groups dominates the whole theory. In general, geometrically finite groups are easier to investigate. Maskit [87, 88] gave a complete classification of all such groups with an invariant component.
All finitely generated quasi-Fuchsian groups and regular boundary groups are geometrically finite.
Ahlfors' problem, Sullivan's theorem and the complex boundary.
(A) In a seminal paper [11] on Kleinian groups Ahlfors asked whether the limit set A(G) of a finitely generated Kleinian group has area (2-dimensional Lebesgue measure) zero. Later [12] he proved that this is so if the group is geometrically finite. (The condition of being finitely generated is essential; Abikoff [1] constructed an infinitely generated quasi-Fuchsian group whose fixed curve has positive area.) Thurston showed that limit sets of so-called strong limits of (finitely generated) quasi-Fuchsian groups also have vanishing area (cf.
[118] §8.12.4 and §9.2). This includes all groups on dT pn without accidental parabolic elements.
(B) The importance of Ahlfors' problem for function theory derives from the following question. Suppose G is a finitely generated Kleinian group, w & quasiconformal self-mapping of C u {oo} which is compatible with G, that is such that wGw~~l is again a Kleinian group, and \x = (dw/dz)/(dw/dz) the Beltrami coefficient of w. Is w determined, except for a conjugation, by knowing JU|£2, that is by knowing how w changes the conformai structure of the Riemann surfaces represented by G?
The answer is yes if mes A(G) = 0. In an important recent paper [113] Sullivan showed that the answer is always yes. (F) According to a forthcoming paper by Kerckhoff and Thurston some Y E Mod^ n must fail to act on some regular points on dT pn (provided that dim T p , n > 1).
The Maskit embedding.
(A) Besides the injection T p n <^>c 3p~3+n described in §6 there is another injection due to Maskit [86] which depends not on the choice of an origin in T pn , which involves continuously varying parameters, but on finitely many choices. We describe it for the case T p = T p 0 , the case considered by Maskit. The extension to n =£ 0 involves neither new ideas nor technical difficulties.
In order to define the Maskit embedding one chooses 3p -3 disjoint and homotopically independent Jordan curves C l9 . . ., C 3p _ 3 on 2 (which is now a compact surface of genus p); this can be done in only finitely many topologically distinct ways.
The idea of the Maskit embedding is to represent a point T = [ ƒ: S -* 2] of T p by a regular 6-group G with invariant component Ao, which represents S = AQ/G, and 2p -2 thrice punctured spheres. This group is to have the property that the lift of each curve f~l(Cj)> j = 1, . . ., 3p -3, to AQ is invariant under an accidental parabolic element of G.
(B) The Maskit coordinates are (3^ -3)-tuples of numbers Zj E U, belonging to a domain ® c U 3p~3 . The numbers Z v . . ., Z 3/> _ 3 determine a sequence of generators for the group G. The technical details are somewhat complicated and will be explained later (cf. §16, especially (F)), in a more general context.
(C) The boundary of T p in the Maskit embedding, and the action of Modp = Modp 0 on this boundary, have not yet been investigated sufficiently. We mention, however, that if <o is a Dehn twist about C J9 co # leaves all Z k9 k ¥^j 9 alone and replaces Zj by Z } , + 1.
Riemann surfaces with nodes.
(A) We shall now describe an extension of Teichmüller space theory in which compact Riemann surfaces are replaced by Riemann surfaces with nodes. The theory had been announced almost ten years ago [28, 29] but the promised detailed presentation has . ot yet appeared. The author uses this occasion to present his apologies and to express the hope that the long delayed obligation will be fulfilled in the not too distant future.
(B) A compact surface with nodes 2 is a compact Hausdorff space such that every point ?G2 has a fundamental system of neighborhoods homeomorphic either to the disc \z\ < 1 in C or to the set |z 1(| < 1, \z 2 \ < 1, z x z 2 = 0 in C 2 . In the second case P is called a node. Each component of the complement of the set of nodes is called a. part of 2, and 2 is called oriented if every part is, stable if no part has an Abelian fundamental group, nonsingular if there are no nodes.
We shall consider only stable oriented 2. The genus p of 2 is the genus of the nonsingular surface obtained by thickening each node; the stability condition implies that/? > 1.
(C) A (compact stable) Riemann surface with nodes S is a (compact stable) surface with nodes such that every part Sj of S is a Riemann surface of some type (p., rij). The stability condition implies that 2pj -2 + rij > 0 so that each part of S has a Poincaré metric. The total Poincaré area of S is lirÇLp -2) as for a nonsingular surface.
(D) A regular r-differential on S is a rule which assigns a holomorphic /•-differential (holomorphic section of r times the canonical line bundle) to every part Sj of S, with the provision that at the punctures the /--differential have poles at most of order /*, and at any two punctures joined in a node the residues are equal, if r is even, or opposite, if r is odd.
(DEFINITION OF RESIDUE. Let q be an /--differential which has at P a pole of order at most r. Either the order is less than r and the residue at P is 0, or there is a local parameter f with f = 0 at P and q = a(dÇ/Ç) r near P and the residue at P is a.)
The dimension Ô(r) of the space of regular /--differentials on S is
as for nonsingular surfaces. For /* > 2 one can use a basis of regular /•-differentials to embed S into P^)-1 and thus realize it as an algebraic curve of arithmetic genus p, with no singularities except for simple nodes.
(E) A strong deformation of a surface with nodes 2j onto a surface with nodes 2 2 , both of the same genus/?, is a continuous surjection 2 X -»2 2 such that the image of a node of 2j is a node 2 2 , the inverse image of a node of 2 2 is a node of 2! or a Jordan curve on a part of 2 1? and the mapping restricted to the complement of the inverse images of all nodes is an orientation-preserving homeomorphism.
(F) We say that 2! is terminal if it has the largest possible number of nodes, namely 3p -3. There are only finitely many topologically distinct terminal surfaces of a given genus p 9 and every strong deformation of a terminal surface is a homeomorphism.
(G) From now on the letter 2 (or S) 9 with or without subscripts and superscripts will denote a compact surface (Riemann surface) with nodes, of genus/?. where <p and \p SLTC bijective homeomorphisms homotopic to an isomorphism and to the identity, respectively (cf. the definition in §2, (A)). If ƒ: S->2 and g: 2 ->2 0 are strong deformations, so is g ° ƒ and the equivalence class of g ° ƒ depends only on the equivalence class of ƒ and the homotopy class of g. From now on we shall omit the adjective "strong" when there is no danger of misunderstanding.
(C) In order to topologize 2)(2), let us set, for every closed curve C on a part of S 9 l s {C) = inf(Poincaré length of C') where C' runs over the free homotopy class of C. If l s (C) > 0, then l s (C) equals the length of the unique Poincaré geodesic freely homotopic to C. We also set I S (P) = 0 if P is a point on S.
A set A c 2) (2) (D) Let 2 0 be terminal, let P l9 . . ., P 3p _ 3 be the nodes of 2 0 and a l9 . . ., o 2p _ 2 the parts of 2 0 , each of which is homeomorphic to a thrice punctured sphere.
Each node Pj has two banks (we forego a formal definition of this term) and each part a, has three boundary banks. For each / we order these three banks cyclically.
Let (E) It can be shown that for every g: 2 -> 2 0 , 2 0 as before, the induced map g + : £)(2) -^ 2)(2 0 ) is a universal covering of its image, the image being the set of those [ƒ: S -> 2 0 ] for which ƒ -1 (^) is not a node whenever g~l(Pj) is not a node.
Hence SD(2) w homeomorphic to C 3p~3 and one can define Fenchel-Nielsen coordinates w l9 . . ., w 3p _ 3 in ©(2), defined by the deformation g, as complex numbers w v . . ., H> 3/ ,_ 3 such that w y = Zj if g~*(JF^.) is a node of 2,
is not a node of 2.
If 2 is nonsingular, one obtains the coordinates in T p used by Fenchel and Nielsen in the famous manuscript.
(F) One now verifies easily that every induced map of one deformation space into another is a universal covering of the image.
(G) It is important to note that the Fenchel-Nielsen coordinates are written as complex numbers merely for convenience. They are real coordinates and do not reflect the natural complex structure of the deformation spaces, which we proceed to define.
Complex structure of deformation spaces.
(A) Let 2 t be a nonsingular surface of genus p and 2 any other surface. Since S)^) is identical with T p9 see §15, (C), it is a complex manifold. Since there always is an induced map g*: $)(2j)-> £)(2) which is a universal covering of the image g^SÇSO), see §15, (F), the set g^SCS^) c £>(2) has a natural structure of a complex manifold, and since S)(2) -g^S^Sj)) is nowhere dense (cf. §15, (D)), £)(2) has a ringed structure: a continuous function on an open set A c £>(2) is called holomorphic if its restriction to Note that induced maps are holomorphic with respect to this ringed structure.
Actually 2)(2) is a complex manifold which can be realized as a bounded domain in C 3p~3 . We sketch the (lengthy) proof of this theorem below.
(B) First we consider a terminal surface 2 0 with nodes P l9 ..., P 3 p-3 and parts aj, . . ., o 2p _ 2 .
We draw 2p -2 circular discs A,, .. ., A 2/ ,_ 2 in C and choose on each boundary 8A,-points Qji, Q-i 9 Q-* which follow each other in this order, in the counterclockwise direction. We denote by yy 9 j = 1, . . . , 2p -2, v = 1, 2, 3, parabolic Möbius transformations with fixed points at Qj, such that Then y jh y j29 y j3 generate a torsion-free Fuchsian group Tj with limit set 9A,. Both Ay/Tj and Aj/T j9 where A. is the domain exterior to 8A y , are triply punctured spheres.
We assumeJhat the A y are so far apart that there are fundamental domains Fj for Tj in A, such that the closure of the complement of Fj lies in the intersection of all F k9 j ¥" k. Then, according to Klein's combination theorem, the group T generated by T l9 . . ., r 2/ ,_ 2 is their free product and Kleinian. It has precisely one invariant component A 0 , not simply connected, while every noninvariant component is of the form y(A / ) for some j = 1, .. ., 2p -2 and y G T, and has y~lTjy as stabilizer. Also, A 0 /T is a sphere with 6p -6 punctures.
For later use we denote by a jV the Möbius transformation which maps A y onto U taking Q jV into oo and the other two points Q on 8A, into 0 and 1. Then «,,1^0,7 l is the principal congruence subgroup modulo 2 of PSL(2, Z), and ay ° y jV ° 0Lj7 l (z) = z -2.
Next we divide the 6p -6 points Q jV into 3p -3 disjoint ordered pairs, each pair being assigned to a node P t of 2 0 , in such a way that to a P t which lies in the closures of Oj and o f ,j < ƒ, belongs a pair (Qj, 9 Q f r), and to a P t which lies in the closure of one part a, only belongs a pair (Qj, 9 Q r ) 9 v < v'.
Note that if, for every ordered pair (Qy 9 Qy) 9 we join the punctures of the Riemann surfaces ày/Tj and Ay/Tj corresponding to Qy and Q f , 9 respectively, into a node, we obtain a Riemann surface with nodes S 0 homeomorphic to 2 0 .
We shall now thicken some of the 3p -3 nodes of 5 0 , in a way which depends on 3p -3 complex parameters. (D) Under condition (16. 2) the group © is Kleinian, in view of Maskit's second combination theorem, cf. [83, 85] .
Assume that this is so and let TV denote the number of components of the space obtained from 2 0 by removing all nodes P, with f, = 0.
One can show that © has precisely N + 1 nonconjugate components A 0 , A l9 . . ., A n9 none of which is invariant; the component A 0 is the domain bounded by the 2p -2 circles 3A,. Let ©, denote the stabilizer of A t in ©. Then © 0 = T and f or / > 0 each ©, is a regular &-group and if (/?,, n t ) is the type of A t /% t9 then n x + • • • +n N = 2k 9 where k is the number of zeros among ^, . . ., f 3/? _ 3 .
If we join any two punctures on the surfaces A l /Gb l9 .. ., A N /% N9 which correspond to points Q r and Qy belonging to a P t with f,. = 0, into a node, we obtain a compact Riemann surface S of genus/? with k nodes.
The curves K project into 3/? -3 -k disjoint Jordan curves on S. Together with the nodes they divide S into 2p -2 triply connected domains s i> • • • 9 s 2 P -2 which are in a natural bijection with the parts o v . . ., o lp _ 2 of 2 0 . There is a deformation ƒ: S -» 2 0 such that /(s,) = a, for all i, and the point [ƒ: S'-^SQ] in 25(2) depends only on the numbers f 1? ..., f 3/ ,_ 3 (and not on the choice of the curves K).
We have thus defined a mapping 25'(2 0 ) -> 25(2 0 ). It turns out that this is a bijective holomorphic (with respect to the ringed structure of 25(2 0 )) homeomorphism.
(E) We know now that 25(2 0 ), for a terminal 2 0 , is a bounded domain in C 3p~3 . For every node P t of 2 0 the set #, of points [ƒ: S -» 2 0 ] in 25(2 0 ) such that ƒ " ^P,) is a node is the intersection of 25(2 0 ) with the hyperplane ^ = 0.
For every 2 there is a terminal 2 0 and a subset I of {1, . . ., 3p -3} such that there is a deformation g: 2 -> 2 0 which induces a universal covering (F) It can be shown that for every 2, 2)(2) is a domain of holomorphy. Using this one can prove that for every r -1, 2, ..., there is a trivial complex vector bundle over 25(2) such that the fiber over a point [ƒ: S -» 2] is the space of regular r-differentials on S.
Moduli spaces.
(A) Let X denote the space of moduli (isomorphism classes) of compact Riemann surfaces with nodes, of genus/?. This space can be topologized the same way as 25(2) was topologized in §15, (C). It follows easily that X p = X p 0 the space of moduli of nonsingular Riemann surfaces of genus/?, is an open dense subset of X p . Since X p is a normal complex space (cf. §6, (H)), X p has a natural ringed structure.
Studying the natural maps of all deformation spaces of genus/? into X p one can show that X p is a normal complex space (and a F-manifold). That X p can be compactified by adding to it moduli of algebraic curves of genus p with nodes, and that the resulting space X p is a normal complex space has been established by methods of algebraic geometry. It is also known that X p is projective algebraic (Mumford and others [40, 94, 95] 
Some auxiliary results.
(A) Teichmüller spaces of Riemann surfaces which cannot be compactified (as Riemann surfaces) by adding finitely many points are infinite dimensional. We shall summarize the theory of such spaces in §19. Here we state some results from the theory of quasiconformal mappings and from functional analysis which will be needed later, and which are of independent interest.
(B) The following theorem is due to Ahlfors and Beurling [36] . An increasing continuous function x )-+f(x) with ƒ(-oo) = -oo and ƒ( + oo) = + oo is the restriction to R of a quasiconformal self-mapping (B) It is clear that if S is compact, except for n punctures, and of genus p, then T(S) can be identified with T pn , and if S is compact except for n punctures and m "holes", and of genusp> then T # (S) can be identified with T p * n m . It turns out that in all other cases T(S) and T*(S) are infinite dimensional.
The theory of T(S) is richer than that of T # (S). In particular, T(S) has a natural complex structure, whereas T # (S) has only a real analytic structure; T # (U) is a point, whereas T(U) is a domain in an infinite dimensional complex Banach space (and is, in some sense, the "universal" Teichmüller space, see below). Also, the theory of T # (S) can be reduced to that of T(5) where S is obtained from S by doubling, cf. §2, (F).
From now on we shall be concerned with T(S). It is convenient to extend the definitions further.
(C) Let Q denote the group of all conformai self-mappings of the upper half-plane U. Every co E Q extends to a homeomorphism of (/uRU {oo} which we denote by the same letter. We denote by Q n the subgroup of those co G Q which fix 0, 1 and oo, and by Q 0 the normal subgroup of those which leave every x E R fixed. We may also consider PSL(2, R) as a subgroup of Q. If G c PSL(2, R) is discrete, we denote by Q(G) the set of those co E g for which wGw~l c PSL(2, R) and we set Q n (G) = Q(G) n Q n .
The Teichmüller space T(G) is defined as the image of Q n (G) under the canonical map Ô"->Ô"/Ôo. (F) The connection between the Teichmüller spaces defined in §2 and those defined above is given by an isomorphism theorem below.
If co E Q(G) 9 co induces an allowable mapping T(G)^> T(o)~lGco) which takes the point [w] E T(G) defined by w E Q n (G) into
For every Fuchsian group G c PSLÇL, R) let U G denote the complement in U of the fixed points of elliptic elements of G, so that U G /G is a Riemann surface (and U G = U if G is torsion free).
Every conformai bijection h: U G /G-> S induces a homeomorphism of T(G) onto T(S). These homeomorphisms respect Teichmüller distances and allowable mappings.
In
particular, T(U) may be identified with T(l).
If G has no torsion, the theorem follows directly from the definitions. Given G, S = h(U/G) and w e Q n (G\ set S' = U/(wGw~l) and let F be the (quasiconf ormal) map which makes the diagram 
T(G) -T(l) n B 2 (L, G).
This is almost evident if dim T(G) < 00, due to Kra if G is finitely generated, and has been recently proved by Tukia [119] in the general case.
(I) Some results in § §9 and 10 can be extended to the general case. We omit the details and refer the reader to the literature.
(J) We conclude by some remarks about the connection between the universal Teichmüller space T(\) and univalent functions.
Let S denote the set of Schwarzian derivatives of univalent functions /(z), z G L. Then S is a bounded closed set in B = B 2 (L 9 1) and T(l) may be described as the set of those <pG § for which f(L) is a quasidisc (i.e., a domain bounded by a quasicircle, cf. §18, (C)).
The boundary dT(l) of T(l) in B lies in S. Gehring [58, 59 ] proved that T(l) is the interior of S, but that the complement of T{\) u 311(1) in S is not empty.
It seems interesting to determine which simply connected domains D have the property that the Schwarzian derivatives of the conformai maps L -» D belong to 87(1). It is also interesting to describe precisely the set 8S -dT(l). At present we do not know whether S c B is connected.
